TMA1101Calculus, Trimesterl, 2017/2018 Topic 4: Differentiation

TOPIC 4: Differentiation
A. DERIVATIVES
1. DEFINITION OF DERIVATIVE

Definition:
If f(x)is a function defined on an open intervat a b that contains the poirt, the
derivative of f at c, denoted byf q )is
s _ o f(cth)y—=f(c)
f'(c)= |hI[I‘(l) h @)

provided the limit exists.

y
y =fx)

Q(x, + h, f(xy + h))

fleg+ b = fixg)

/

P(xq, fxy)) The slope of the tangent lineRits
h . g + h) — Flxg)
! lim ——— -
! J—il h
1

0 X, Xy +h

If f is differentiable at alx(Ol , we say thatf is differentiable on . In this case, we
can define a new functioh on | where f 'k )assumes the value of the derivative of
f atxOIl . We call f 'the derivative off , and we also writef ' (x) = g_f or di(f) :

X X

Other notations

Letting x=c+h in equation®), which is f'(c) = lim

becomes f '(c) =Iimw.
h-0  x-cC

fle+ hk)m — f©) , then equation*(

Equation ) rewritten withx instead oft, and Ax instead oh, becomes
f(x+Ax) - f(x)

Ax '
The numeratorf (x+Ax) — f X )represents the change in the valuéwafien one
changes the argumexby a small amounfx .

e =tm,

We let Ay = f (x+Ax) — f (x) denote the change in the y-value. Thigiix) = limo%
x-0 AX
Leibniz's notation:d—y = lim Ly
dx M&x-0Ax
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Different notations are used to represent the davig of a functiory = f (x) with f ' (X)

being the most common. Some othersﬂ%I\]:cey',ﬂ,i f (x),Df & ).andD, f(X) .

dx dx dx
One interpretation of the derivative of a functaira point is thelope of the tangent
line at this point. The slope of the tangent line atgbimt (C, f (c)) on the graph of
y=f(x)is f'(c), the derivative of atc. Another interpretationf ¢&( Js also the

. . . d
instantaneous rate of changefy with respect tcxat x =c; sometlmes—y or

dx

X=C

ﬂ} is used to denotd c(.)
dX X=C

The notation% is referred to as thderivative of y with respect tox.
X

Example:

Given the graph of the functioh(x) = 3x* (which is a parabola), use the definition of the
derivative to obtain the slope of the tangent eoghaph at the point (2, 12).
[How do yu know that (2, 12) lies on the graph?]
Solution:
Tofind f '(2).
f(2+h)-1(2
h

@ =i

f@+h)-f(2) _3@2+h)?-12 _3@4+4h+h?)-12_12h+3h’
h h h

£(2)=lim f(2+hr)]' @) =lim (12+3h) =12

=12+3h

[Can you obtain an equation for thegent to the graph at the point (2, 12)7?]

[Reminder: Try doing it for another point on the graph, saye withx =-1.
Then try doing it for a genegpaint (a,_?_ ). ]

Example:
Use the definition for derivative to find the dexiive of y = Jx for x> 0.

Solution: Let f (X) = v/x

Fox+h) - f(9) _vx+h-Jx _ (x+h)-x _ 1
h h h(«/x+h+\/;) Jx+h++/x
f'(x) =lim 1 _—
-ox+h+4x  2Jx
o) - () _ 1 1

In short f'(x) =Ilim
h-0

m =
-ox+h+yx  2Jx
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Example:
Is the functionf (x) =| x [differentiable atx= 0? Let's see.

[We cannot take for granted that every functionsee is differentiable everywhere.]

Continuity and Differentiability
Theorem: If a functionf is differentiable at a number, then it is continuous at.

In other words, ifc is a discontinuity off , then f is not differentiable at.

Differentiability implies continuity.

2. DERIVATIVE RULES
1 | Derivativeof | d, _ d, _
a Constant ak—O ak—O
Function
2
Power Rule ix” =nx"",nOR ix” =nx"",n0OR
dx dx
3 | Constant d _ . df d _ . du
Multiple Rule a(kf) B ka’ a(ku) B ka (ku)'=ku'
wherek is a constant
4 — Tty
Sum Rule i(f+g)=ﬂ+% i( +v)=%+$/ (U+Vv)'=u'+v
d dx dx dx dx dx
5 |= 1
Product Rule i(f ) = f@+g£ i(u@):uﬂuv% (ulv)'=uv+uv
d d dx | d X
6 | Quotient Rule gﬁ— ¢ dg v%—u@ u),_ vu-uv
d(f)_Tdx = dx g(gj: dx dx |\v v
dx{ g g° dx\ v v?
forx with g(x) £ 0

[** If you have studied calculus before, you arelpably more familiar with only one of the threeuwohs

on the right.]

[** Some authors or teachers like to include thevporule and the root rule; these are not realbessary

after you master the chain rule.]

Example:
Find the derivatives of the following functions.
2 _
a)y=x"+12x- 4 b) f(x):l[x2+1j c) Ql(t)=t2 :
X X t°+1
X —1)(x* —2x 1
@) y=UTAET20 gy

(x* =D(x* +x+1)
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Solution:
a) y=x'+12x-4
dy_dy +—d12x+—dy£—4)
dx dx dx d
=4x°+12
b) f(x) :l[x2 +1j
X X

F1(%) =51(x2+5j+(x2+_1 ii_lx)
X dx X x) d

:x‘l(dix2+d£ Xt +(x2+ x‘l)i Xt
X X

= x‘1(2x— x‘2)+( X+ x‘l)(— )Zz)
=2-x°-1-x3
=1-2x7°
[The steps shown here are to illustrate the denreatules; it would be easier if you

. 1
rewrite f (x) as x+7 ]

d) y:(x—l)(xx4 - 2X)

s d d
X &[(x—l)(xz—Zx)]—(x—l)(X"— 2x@ e
()

x4_(x—1)g(><2—2x)+ ()(2—2x)£ (x—l)}— (x D(k- 2)%d %
L dx dx dx

Q|D_
x <

8

X
X[ (x=1)@x- 2)+ (¥ - 20)(1)] - (x Dx(x 2| 4%)
X8
_ (x=1)(2x=2)+ (¢ =2x)- (x D0 2 4
X4
_ -xX*+6x-6
==

[Here, we apply he quotient rule and also the pcodule.Is there a simpler w&}
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Derivatives of Trigonometric Functions and Theirlnverses
For anyx for which a trigonometric functions or its inverge defined, we have the
following formulae:

(Note that these formulae are valid only wixéa measured in radians.)

d . d

asmx: COSX . *) acotx= -csé X.
acosx:— Sinx . *) %secxz sex tax .
itanx: seé X . *) icscxz - CSXX COK .

dx dx

d 1 d -1

&Sln X:?, IX <1. aCOt X=1+)<2 .
icos’lx= 1 Ix| <1 isec’l =14 IX>1
dx Vi-x* | dx xWx -1’ '
itan‘lx: —csc’1x=_—:L IX >1
dx 1+ X2 ’ dx quxz -1 ' \

[** You are required to remember the three formadsd; those marked with (*) can be
obtained by using differentiation rules. The otheilt be provided when required.]

[**Derivatives of sin and cos are obtained fromideion using Ilmlts;atanx =seéx.

can be obtained using the quotient rule. Most peoluld take the trouble to memorize
this because it crops up quite often in problems.]

Example:
Find the derivatives of the following functions.
a) y =tarx b) y = x?sinx+2xcosx— 2sinx  ¢) y= CO$X
1+sinx
dy= R e) y =sinx+10tanx f) y=x° cotx—i2
1+tar x X
Solution:
a) y = tar x
q d ( sin x cosx(;j( sinx) - sinx;l( cos)
— (tanx) :—( j = X X
dx dx\ cos x co$ x
_ COSX cOX— sirk(— sin
cos X
_ cog x+ sirf x
cos X
1
= =sec x
cos X
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Derivatives of Loqarithmic and Exponential Functiors.
1. —(In X) == (for x> 0); In|x| == (for X # 0)

2. ieX =e"
dx

[** Some authors/teachers like to include

i(ax) =a”Ina, wherea is a positive constant

dx
as rule for students to memorize.

— Xl
This isnot really necessary if you already knéw =€ "° ]

3. THE CHAIN RULE

If g is differentiable at the poirt and f is differentiable at the poing c(, )then the
composite functionf o g is differentiable at, and

(fog)(c)=f'(g(c)g'(c)

In Leibniz’s notation, ify=f (0 )andu =g &), then
dy _ dyﬁ

dx du dx

Again, some authors/teachers like to include ttieviong two formulas for students to
memorize.

d d d
1.—Ing(x) =—— 3— x) and 2—e9 =¥ O g(x
ix 9(x) = ( 0 9(x) 3 le@J( )

[** These two items are just special cases of the chd@& there is no real need to
memorize remember. Practise using the chain rulietive these two formulas.]

For #1, we letf(u) =Inu andu=g &), for #2, we letf(u) =e" andu=g k).

Example: How to determine(;j—x(x2 +1)5? Could this be done without the chain
rule?]

(x2 +2f = (f o g)(x) = T (g(x)) wheref (x) = x* and g(x) = x*+ 1

(fo0)x)= f(g(0)= f (¢ +1) = (¢ +1f

Let y= (x2 +1)5, e, y=(fog)x)

What is% or (f ° g)'(x) ?

f(x)=x>andg(x)=x*+1 |Letu=x*+landy=u’. [u=g((x), y=fUu)]
f'(x)=5x*and g'(x) =2x. | Theny=u®=(x*+1)°
(fog)(=f'(g0) (X

d du
= £10C + 12X dz 5u‘, 1= 2x
=S0C+D x| gy _dy :
=10x(x? +1)* a—a% 5u* [2x =5(x* +1)* 2x =10x(x* +1)*
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Example:
Find the derivatives of the following functions.
2 4
a) y=(2x+1)° b)y:(%+x—%fj c)y=sin(x*+x)
d) y=In(x®+1) e)y=e>* fy = (e +e)in2x

Dy =Vx+xax

g) y =10 hyy =sin(coftanx)) i) y=-—
Vx?-2x+3
a) y=(2x+1)°
Letu=2x+1 Theny:u5.
du dy _

—=2and—=
dx du

dy_dy du
dx du dx
=5u*(2)

=10( 2+ 3*

Here 's a very important training

(a) Obtain the derivatives of the following functgofx by using the chain rule, with all
the steps properly written.

sin3x , cos3x , tan3x , €, In(3x)

(b) Obtain the derivatives of the foIIowmg funcns)ofx by using the chain rule, without
writing down detailed steps.

sin3x , cos3x , tan3x , €, In(3x)

4. HIGHER DERIVATIVES
For a differentiable functiorf , the derivativef is also a function.

If f' is also differentiable, its derivative is denotsd
(f'y="f"..

It is called thesecond derivativeof f .

. W . L _d (dy)_d?%
Using Leibniz's notation, the second derivativepf f (x) is —| — |=—
dx\dx) dx
There are several ways of writing the second deviwat
n dy d y dy' "
f''(x f' =
(x) = ( ()= [dxj o)

In general, then-th derlvatlve of f W|th respect tox for any positive integem, denoted

n n-1
by f™(x)= ; —f, is defined asf ™ (x) —(;j ;n_l f, i.e,. as the (first) derivative of

X

the (n— Dth derivative of f with respect tox.
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Example:

Findy'" andy "'for

a) y=x>-7x*+100x+ 1 b) y = xcosx
Solution:

a) y=x3-7x*+100x+ 1
First Derivative: y'=3x* —14x+ 10C
Second derivative: y"=6x-14

Third derivative: y"=6

5. IMPLICIT DIFFERENTIATION

The function that we have looked at in the eadestions can be described by expressing
one variable (thelependent variable)explicitly in terms of another variable (the
independent variable) .

An explicit function is given in the forny = f x(,)wherey is thedependent variable and

X is theindependent variable.

x> if x<2

Examples y=+/x*+3, y=cosx, y= .
4x-4 if x=2

Some functions are defin@ghplicitly by a relation betweexandy through an equation
involving x andy.

Example:
v ¥ ¥
=T i,
{ \ | '| =] I
Y 0 I ¥ = 0 | ! | 0 | *
: | =
{a) x? 5-_‘.: =1 (b)Y ¥y = %1 - X o) y==31- X
ia) The circle is not the graph of a function; it fails the vertical line test.
(b) The upper semicircle is the graph of a functibfx) = /11— X?
(c) The lower semicircle is the graph of a functigfx) = —v1- x? (T)

Given the equationx® + y> = &nd solving fol in terms ofx, we get y = +1-x* .
The equationx® + y> = implicitly defines two functions ok,

e, f(X)=+41-x*,for -1<x<landg(x)=-v1-x*,for -1<x<1
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Examples
¥ ¥ y
H N E 0 X i T
"\‘
(@) x+y =25 ) flx)=+25—2 (c) glxj=—y 25 —x" (S*)
¥ ¥ ¥ ¥
r +y =6x
N .
= s
e ! ] ¥ 0 x i v
of, x
\\ Graphs of three functions defined by the foliunDefscartes
The folium of Descartes (S

An equation irk andy in the form F (x, y) = 0(or equivalent) may implicitly define one
or more functions oX; but it is not always possible or easy to puh@formy=f &)

and then to further obtaigz in the usual way.

dx

We applyimplicit differentiation when a variable is defined implicitly as a funatiof
another variable.

To find the derivative of with respect tx, we do not need to solve fgras a function of

X. Instead, we use implicit differentiation. We trgas a differentiable function afand
differentiate both sides of the equation with respex; then solve for% in terms ofx
X

andy.

Example:
dy

(@) Givenx® +y? = 1 find —=.
dx

(b) Find an equation of the tangent to the cirtliha point@,gj.

Solution

(a) Differentiate both sides of the equatiah+y* = 1
d , L. _d
— (X" + =—(
dx( y©) Ix @

d, ,. d,,
- + — :O
dx(x) dx(y)
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[Using the chainer,qu—(yZ) = i(yz) Bd—y = ZyQ]
dx dy dx dx

2x+2yﬂ =0
dx

dy__Xx

dx y

. (3 4 3 4
b) Atthe point —,— |, we havex=—,y=—.
(b) p {5 5) oY e

3
So,ﬂ:—i:—ithis Is the slope of the tangent at the p%’%tﬂj.
dx ¢ 4 55

An equation of the tangent to the circle at thmpgg,gj is given by

4 3 3
——=——| X——| or 3x+4y-5=0
Y735 4( 5) y

Example:
Find ﬂfor

dx
a) X’y—-xy’ +x?+y? =0 b)y? = x* +sinxy c)y = x*.
Solution:
a) Xy—-xy* +x>+y*=0

@ eyy-d iy 28 (xy o yry= 4
a(x y) dx(XY)+dx(X)+dx(Y) dx(o)

d d d d d
X2—(y) + y—X2 =x—(y*) = y*—(X) + 2x+—(y*) =0
dx(y) ydx dx(y) y dx() dx(y)

N y(2x) - ZyQ -y? (@) +2x+ 2yﬂ =0
dx dx dx

dy y? — 2xy— 2X

X5 —2Xy+2y|— =y —2Xy—2X
( i y)d =y Yo dx X? —2xy+2y

b) y? = X2 +sinxy
d., @ ., d .
— =—(X°)+—(sin x
OIX(y) dx( ) dx( y)
dy _ d
2y—= = 2x+ cosxy— (Xy)
dx dx

ZyQ = 2x+ (cosxy )(y+ xﬂl)
dx dx

2yj— (cosxy )(x— y)— 2x+ (cosxy )y

(2y - xcosxy)g— = 2x+ ycosxy
X

0 ﬂ/: 2X+ ycosxy
dx 2y- Xcosxy

10
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c) y=x
Taking logarithms of both sidds, y = In x*

Iny=xInx

d d d

—Iny=|—x]|Inx+ X —InXx

dx dx dx
10l—yzlnx+1 Dﬂ:y(lnx+1)=xx(lnx+l)
y dx dx

6. MAXIMUM AND MINIMUM VALUES

Definition: Absolute Extreme Values
Let f be a function with domai andcOD.
(a) Thenf has arabsolute maximum value atcif f(x)< f(c¢) forall xOD,

andf q )is the absolute maximum valuefanD.
(b) Thenf has arabsolute minimum value atcif f(x)> f(c) forall xOD,
andf q )is the absolute minimum value fodn D.

[Sonmadis the word ‘global’ is used instead of ‘absoljte’
Absolute maximum and minimum values are ca#lbsblute extrema.

Example:
y }
y ¥
»
] [ [ [
"-.\ ¥y=1x- | V=1 | / L
\ D=(-xa=) [ D =10,2] y=x* / y=x
D=(0,2] D=(0,2)
N J -
> | X e 1 v /
3 ; ¥ ! / 1 c - 1
2 z | 3 X ] 3 X
(a) abs min only (b} abs max and min @b ol (d) io max or min
(T)

a) y = x*,x0(-,): no absolute maximum, absolute minimum of & at0

b) y=x*,x0[0,2]: absolute maximum of 4 at= 2, absolute minimum of 0 &at=0
c) y=x?,(0,2]: absolute maximum of 4 at= 2, no absolute minimum

d) y=x*,(0,2): no absolute extremum.

Definition: Local (or relative) Extreme Value
A functionf has docal maximum value atc within its domainD, if there exists an open

intervall [0 D, containingc such that

f(x)< f(o foral X U 1I.

A functionf has docal minimum value atc within its domainD; if there exists an open
intervall O D; containingc such that
f(x)= f(c) forall xOI.

11
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Local maximum and minimum values are callechl extrema.

We can_extend the definition of locaktremato the endpoints of a closed interval by
defining f to have a local maximum or local minimum valuetteg endpointc if the
appropriate inequality holds for adlin some half-open interval witlke as an endpoint.

Ahsolute maximum
Mo greater value of fanywhere.

Local maximmim Also a local maximum.
; 3 g |
No greater value of ,-/ I
[ nearby. 4

I . Local minimum

= -5 "III!-’; I | No smaller value
v, i .‘\\ / i i of f nearby.
Absolute minimum | I | I
No smaller value of / I Local minimum I
f anywhere. Alsoa | I | Mo smaller valoe of |
* local minimum. I } }
I I

} [ nearby.
I |
il c =

B

" (™)
How to identify types of maxima and minima
for a function with domain [a, b]

abs max

loc max

-—--r!. e min ;l]____
il

n

abs min

Extreme Value Theorem for Continuous Functions
If f is continuous ond,b], then there exist numbecsandd in [a,b] such thaff has an
absolute maximum value aand an absolute minimum valuedat

Fermat's Theorem: Local Extreme Value
If f(X) has a local extreme value at ¢ and f(X) is differentiable atx=c (i.e., f '(C)

exists) thenf'(c) = O.

Example:
a) f(x) =x®-3x has local maximum ak=- and local minimum ax = 1In fact,

f'(x) =3x* -3 isequal to zero ax =+ 1.
The graph ofy = x* —3x

Remark.
The converse to Fermat's Theorem does not holtighi& f'(c) = 0 it does not

necessarily follow thaf has a locaéxtremumat c. [Example?] Can you suggest?

For a differentiable function,
" f'(c) =0" is_a necessary condition, but NOT a sufficiermditon for the existence of [a

local extremum at.

12
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Definition: Critical Point
Let f(x) be a function with domai®, . A pointc D, is called acritical point of f if

either f'(c) = Oor f'(c) fails to exist.
[Sometimes, “critical point” is referred to as ‘taral number”.]

Definition: Stationary Point
Let f(x) be a function with domai, . A pointcID;, is called estationary point of f if

f'(c)=0.

Fermat's Theorem can also be restated as:
If f has a local maximum or minimum@tthenc is a critical point of.

For a function continuous on a closed intenal if| and differentiable ong, b), every
local maximum or minimum will be at one of the eogs, or at a stationary point bf

To find an absolute maximum or minimum of a functantinuous on a closed interval
[a, b and differentiable ong b), we note that either it is local [in which casedcurs at
a stationary point ] or it occurs at an endpointhef interval.

Thus the following three-step procedure always \work

To find the absolute maximum and minimum values of function f continuous on a
closed interval [, bl and differentiable on (a, b),

1. Find the stationary points 6find the values dfat these points.
2. Find the values dfat the endpoints of the interval.
3. From the values dfobtained in steps 1 and 2, determine the absekitema.

[Note: Step& 2 could be interchanged.]

Example:
Find the absolute extrema (i.e. the absolute maxirand minimum values of the

function  f(x) =2x>-3x* -12x+ 1for xO[-3,3].
Solution:
The functionf is continuous on the closed interyal 3 3]

and f is differentiable withf '(x) = 6x* -6x— 12
Whenf '(x) = 0, 6x* —6x-12=0,i.e.,6(x* - x-2) =6(x—2)(x+1) =0

So, f'(xX) = Owhenx=-1or x=2. $tationary pointg
Checking values dfat—1, 2 and the endpoints of the interfral 3 3]

f(-)=..=8, f(2)=..=-19, f(-3)=...=-44, (3 =..=-8
Therefore, the absolute maximum valuefis-1) = ar®l the absolute minimum value is
f(—-3) =-44.

Many results used in this chapter are results@Mlean Value Theorem. We state here
Rolle's Theorem which is used to prove the Meamu¥®dheorem.

Rolle’s Theorem
Let f be differentiable onab) and continuous oralb]. If f(a) = f(b), then there is a

least one numbet [(a, b) such thatf'(c) =0.

~+

N . ‘ N | N
IS [ = < T [The theorem does not help you in findirg

13
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The Mean Value Theorem
Let f be differentiable ongb) and continuous oralb]. Then there exists [1(a, b) such

that f'(c) :M_
b-a
The theorem does not help you in findilg
y Tangent}rallel to chord

3

Slope L~~~

= f(@)
i b—a

[Eor this course, we would not discuss problems that involve tmectiuse of the Mean
Value Theoren

Increasing, Decreasing and Monotonic Functions

Definitions

A function f is said to béncreasing on an interval | if
f(x) < f(x,) wheneverx, <x, inl.

A function f is said to belecreasing on an interval | if
f(x)> f(x,) wheneverx, <x, inl.

A function that is increasing or decreasingl as calledmonotonic on|l.
(Some people usenonotoney

The First Derivative Test for Monotonic Functions
Suppose thaf = f X s differentiable or(a, b), then

1. if f'(x)>0 forall xO(ab), then f is increasing ofa,b),
2. if f'(x)=0 forall xO(ab), then f is a constant ofa,b), and
3. if f'(x)<0 forall xO(ab), then f is decreasing ofa,b).

Example:
Where is the functiorf (x) = x* - 3x increasing? Where is it decreasing?

Solution
f(X)=x*>-3x; f'(X)=3x*-3=3(x*-1) =3(x-D(x+1)
We wish to find wheref '(x) > @Gnd wheref'(x)< 0

Interval (x-1) (x+1 f'(x)=3x>-3 f
x<-1 - - + Increasing on(—c,— 1)
-1<x<1 - + - Decreasing or{— 11)
1< X + + + Increasing on(l, o )

14
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The First Derivative Test for Local Extrema:

The following test applies to a differentiable ftina f(x):

(a) At a critical point c:

() if f'(x¥) changes from positive to negativecathenf has docal maximum valueatc.
(i) if (X changes from negative to positivecathenf has docal minimum valueatc .
(i) if f'(x) has the same sign on both sides,dhen fhasno local extrema valuatc .

(b) At a left endpoint a:
If f'(x)<0 forxnearawithx>a thenf has docal maximumvalue at.

If f'(x)>0 forxnearawithx>a thenf has docal minimunvalue aia.

(c) At a right endpoint b:
If f'(x) <0 forxnearbwithx <b thenf has docal minimumvalue ato.

If f'(x)>0 forxnearbwithx<b thenf has docal maximumvalue ab.

¥ ¥ ¥ ¥
/ b ik
Mrp=0 FT4% Fix " o f
I "-\ % / Ficy= 1 __I__- = fixy==0
y ! ‘-,ﬁ Pix)= ||"\. ._J-fj':_t = {1 ,f"l | Fix=0 i '\\
e gy y | I \
4 I ' . '
|-| o \ T '|| L T |'-| s T |-| - 1 T
|} Local maximum {b) Local minimum ) Mo maeienuey ar minimurm {dl No maximum or minimem (S*)
Absolute max
f" undefined
Local max A
b A I. =
=31 ¥ = fix } } No extremum
7 I _.". I %, Jl" — 0
| AL e __.r'. | ."-.__ .-'.I I =3 b | T,
}.‘-1-‘ LkélrLﬂ'l.IJm/ I ._\ I fi=0 I ;
| = A [ o Y
=gl T Y
| | b F | | \
- | -
g | I | Local min | I | Local min
S =0 | I I wi_g I I
i | | | .= | | |
. | | | | [ [
Absolute min | | | | I |
| | | 1 | | | X
a Cy Cs ] Cy Cs h (T*)

Example
Find the local maximum and minimum values of thacfion f (x) = x® -3x in the

interval [- 25,25]. Then determine the absolute extreméai the interva[—- 2525]
Solution

Find the critical/stationary pointsf'(x) =3x*-3=3(x*-1) =3(x-1)(x +1)

f'(x) =0 whenx=%1

The stationary pointsxk=+ 1
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Interval (x-2 (x+1) f'(x)=3x*>-3 f
-25<x<-1 - - + Increasing on(—25, - 1)
-1<x<1 - + - Decreasing o{— 11
1<x< 25 + + + Increasing on (1, 25)
At Value

Local minimum | =25 1 | f(-25=..., f@=...

Local maximum | -1, 25 | f(-)=..., f(25=...
From the local maxima and local minima, we see fibvaf on the interva[- 2525] the
absolute maximum is (occurring at ang the absolute minimum is

(occurring at ).

Definition of Concavity

A functionf is convex(or concave up on an interval if thdine segmentonnecting any
two points on thgraph of the functioties above the graph between those two points.

A functionf is concave(or concave dowin on an interval if théine segmentonnecting
any two points on thgraph of the functiorlies above the graph between those two
points.

= A

Concave up Corecdown

We can use the second derivative to tell wherenation is concave up or concave down.

The Second Derivative Test for Concavity
Let y= f (X) be twice-differentiable on an interval

(@) If £"(x)>0 onl, then the graph of overl is concave up .
(b) If £'"(x) <0 onl, then the graph of overl is concave down.

Definition of Inflection Point
A point P on the graph of a continuous functigre f x (is)called annflection point if

the graph changes from concave up to concave dovoro concave down to concave
up atP.

At a point of inflection(c, f(c)), f"(c) =0 or f "(c) fails to exist.
" f"(c) =0" here is only a necessary condition when the sdenivative exists, but not
a sufficient condition.

16
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The Second Derivative Test for Local Extrema:
Let f(x) be differentiable on an intervhtontainingx = a, with f'(a) =0. Suppose

f'(x) is also differentiable nearwith f''(x) is continuous.

@i If f'"(a)<0, thenx =a is alocal maximum

@iy If f''(a) >0, thenx =a is alocal minimum

(i) If f'(a) =0, then no conclusion can be drawn regarding extnahees. (i.e.,
inconclusive)

Example:
1. Find the local maximum and minimum values of thibofeing functions using both

the first and second derivative tests.
a)y=x>-5x+ 3 b)y = x++/1-X

2. Find the extrema of the following functions and guents where the extrema appear..
X

a)y=x>-3x*+3x— 2 b) y=—
X“+1

Solution:
la) y=x"-5x+3 [using 29 derivative test]
At the stationary pointg—y =0. Therefore
X
5x*-5=0

Xx=%1
2

To determine whether the stationary point is a maxn or minimum, compute—y.

dx’

2
At x=-1, d’y <0, thus the critical point is a local maximum.

dx’

Whenx =-1, y=...= 7. Soy has a local maximum value of 7xat -1.
2

At x=1, N >0, thus the critical point is a local minimum.

dx’

Whenx =1, y=...= -1 Soy has a local minimum value efl atx = 1.

(To Students: For comparison, try using tAelérivative test to find the local extrema for
y = x° =5x+3)

1 b)

2 a)
2 b)
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7. INDETERMINATE FORMS AND L’HOPITAL'S RULE

Suppose thalim f(x) =lim g(x) =0 and that f and g are differentiable on an open

intervall containinga. Suppose also thaf (x) #0 onl if x#a , then

() . f'(x)

o099

if the limit on the right exists ( or 8 or — o).

Remark

When lim f (x) =lim g(x) =0, Iim% is said to have thiedeterminate form %
X-a X-a X-a g X

L’Hopital’s rule also applies to quotients thatdeta theindeterminate form ®

(o¢]

If f(X) andg(x) both approach infinity ag - a, then
() _ f'(x)

lim =lim—/—1,
ag(x)  xag(X)
provided the latter limit exists. Trheehere may itself be eithdinite or infinite.

[adenotes a real number, or — o ]

Example:
Evaluate the following.
. 3x*-3 __X-sinx . x=2x° . Inx
a) lim b) lim c) im—— d)lim—
) G ) X i 3x* +5x m X'
Solution:
Q) limX 3
x-1 X% =X
Let f(x)=3x*-3g(x) = x*-x
lim f(x) =limg(x) =0 and g (x) =2x—-1# Ofor x near 1.
2 _
Dlim X 32 jim X =6-¢
x-1 x°=x x12x-1 1
. X=sinXx
D ImE
. X=sinx _ .. 1-cosx
lim — =lim >
X-0 X x-0  3¥
. sinXx
=lim——
x-0 BX
. cosx _ 1
=lim——==
x-0 6 6
. x=2x°
C) lim ——
x- 3X° +5X
Xx=2xX . 1-4x
|m2——||m
x-@3X°+0X  x-= B6X+ 5
. =4 2
=lim—=-—
X — 00 3
mdun 2017)
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